We show that codimension one distributions with at most isolated singularities on certain smooth projective 3-folds with rank one Picard group have stable tangent sheaves. The ideas in the proof of this fact are then applied to the characterization of certain irreducible components of the moduli space of stable rank 2 reflexive sheaves on P 3 , and to the construction of stable rank 2 reflexive sheaves with prescribed Chern classes on general 3-folds. We also prove, under mild conditions, the connectedness of the pure 1-dimensional component of the singular set of foliations on P 3 .
Introduction
A codimension r distribution F on a smooth complex manifold X is given by an exact sequence (1) F
where T F is a reflexive sheaf of rank s := dim(X) − r, and N F is a torsion free sheaf; these are respectively called the tangent and the normal sheaves of F , respectively. Taking the maximal exterior power of the dual morphism φ ∨ : Ω 1 X → T ∨ F we obtain a morphism Ω s X → det(T F ) ∨ ; its image is an ideal sheaf I Z/X of a subscheme Z ⊂ X, called the singular scheme of F , twisted by det(T F ) ∨ .
Finally, We say that F integrable, that is a foliation, if T F is closed under the Lie bracket. This paper is dedicated to codimension one distribution on smooth projective 3-folds. More precisely, we consider smooth projective 3-folds X with rank one Picard group generated by an ample line bundle O X (1) . In addition, we assume that H 1 (O X (t)) = 0, for all t ∈ Z. We set • c X := c 1 (T X) = −c 1 (Ω 1 X ), • ρ X := min{t ∈ Z | H 0 (Ω 1 X (t)) = 0}. As an example, it follows from [3, Lemma 5.17 and Corollary 5.23 ] that if X ⊂ P(a 0 , . . . , a N ) is a smooth weighted projective complete intersection 3-fold, then ρ X = 2, moreover by Flenner, cf. [14, Satz 8.11] we have that H 1 (O X (t)) = 0, for all t ∈ Z. This is an example of the classes of projective manifolds with "special cohomology" in the sense of [25] which also have stable tangent bundle.
Our first main result is concerns distributions with only isolated singularities on such 3-folds.
Theorem 1. Let F be a codimension one distribution on a smooth projective 3-fold X with rank one Picard group. Assume that Sing(F ) is either empty or has dimension equal to zero. If c 1 (T F ) < (≤ ) 2ρ X , then T F is µ-(semi)-stable. Moreover, if T X is µ-(semi)stable, then T F is µ-(semi)-stable.
Notice that Theorem 1 generalizes [7, Theorem 6.1], which covered the case X = P 3 . Codimension 1 distributions F with the property assumed in the previous statement, namely that Sing(F ) is either empty or has dimension equal to zero, are called generic, because they can be defined by a general 1-form ω ∈ H 0 (Ω 1 X (d)) for some d. We recall that if Sing(F ) is empty and non-integrable, then by [26] we have that (X, F ) ≃ (P 3 , D), where D is the contact distribution on P 3 , whose tangent bundle is the Null-correlation bundle twisted by O P 3 (1) . It is well known that the Nullcorrelation bundle is stable. On the other hand, it follows from [5] that on a projective variety, with rank one Picard group, an integrable codimension one distribution always has non isolated singular points. In particular, a generic singular distribution of codimension one on projective 3-folds with rank one Picard group can not be integrable.
It is therefore important to study distributions with non-isolated singularities. In this case, we let U denote the maximal 0-dimensional subsheaf of the structure sheaf O Z of the singular scheme of a distributions F ; the quotient sheaf O Z /U is the structure sheaf of a subscheme C ⊂ X of pure dimension 1. This scheme will be denoted by Sing 1 (F ), and contains all non-isolated singularities of F .
One relevant problem concerning non-isolated singularities of an integrable distribution we formulated by Cerveau [10] : if F is a codimension one foliation on P 3 , then is Sing 1 (F ) connected? We showed in [7] that this question has a negative answer for non-integrable distributions, giving an explicit example of a codimension one distribution with locally free tangent sheaf whose singular scheme is not connected, see [7, Theorem 9 .5 item 2 (b)], thus showing that the connectedness of Sing 1 (F ) must somehow be tied with the integrability of F .
In this work, we give mild conditions on F under which Cerveau's question admits a positive answer.
Theorem 2. Let F be a codimension one foliation on P 3 . Suppose that:
• the scheme Sing 1 (F ) is reduced;
• if p ∈ Sing 1 (F ) is of generalized Kupka type, then p is either Kupka or quasi-homogeneous or non-resonance logarithmic type. Then Sing 1 (F ) is connected.
We also determine the number of connected components of Sing 1 (F ) for codimension one distributions. See section 3.
Tangent sheaves of generic codimension one distributions on X can alternatively be described as quotients of Ω 1 X . It turns out that this is an important class of sheaves, providing examples of sheaves with interesting properties in various contexts.
We first focus on the case X = P 3 , establishing the following result. Recall that the degree of a codimension one distribution on P 3 is the integer d := 2 − c 1 (T F ). The case d = 0 is well-known, since the tangent sheaves of generic distributions of degree 0 are precisely N (1), where N is a null-correlation bundle, and these are parametrized by an open subset of P 5 . The case d = 1 was considered by Chang [12, Theorem 3.14] , who showed that the component described in Theorem 3 is the whole moduli space of stable rank 2 reflexive sheaves with Chern classes (c 1 , c 2 , c 3 ) = (−1, 3, 5); see also [7, Theorem 8.1] .
For general 3-folds, the existence of µ-stable reflexive sheaves with prescribed Chern classes is an open problem with particular interest to String Theory when X is a Calabi-Yau 3-fold; see Section 4 for more details. In this context, we prove the following existence and uniqueness result for rank two reflexive sheaves; set
is globally generated}. Theorem 4. Let X be a smooth projective 3-fold with rank one Picard group and c X < 3ρ X . Then for every integer r ≥ γ X , there exists a rank two reflexive sheaf E satisfying:
). Moreover, if T X is simple, then E is uniquely determined by its singular scheme Sing(E) when r is sufficiently large.
Observe that in the Calabi-Yau case we will have
Each of the four results above is proved in the subsequent sections below.
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Generic distributions on 3-folds
We begin by setting up the notation and nomenclature to be used in the rest of the paper. This section is then completed with the proof of Theorem 1.
We consider in this paper only codimension 1 distributions on a smooth projective variety X of dimension 3, so that the exact sequence in display 1 simplifies to
In addition, we will also assume that Pic(X) = Z; let O X (1) denote its ample generator. We can then assume that det(T F ) * = O X (−f ), where f := c 1 (T F ) ∈ Z. We will abuse notation by assuming that the first Chern class of a sheaf is simply given by an integer number, indicating the appropriate multiple of O X (1).
The slope of a torsion free sheaf E on X is given by
In other words, the inequalities in the hypotheses of Theorem 1 and Theorem 4 can be replaced by the µ-(semi)stability of the tangent bundle of X.
Proof of Theorem 1. Under our hypotheses, we rewrite the exact sequence in display (2) in the following manner:
Therefore, dualizing the sequence in display (3) we obtain
Connectedness of non-isolated singularities
We now shift our attention to codimension one distribution on 3-folds containing non isolated singularities. As we mentioned at the Introduction, we have the following short exact sequence
where U is the maximal 0-dimensional subsheaf of O Z and C = Sing 1 (F ). Our next result, in which we do not assume that Pic(X) = Z, describes the number of connected components of C.
Proposition 5. Let F be a codimension one distribution on a smooth projective 3-fold X satisfying
Proof. The sequence in display (5) implies that h 0 (O C ) = h 0 (O Z ) − h 0 (U ); we analyze the terms in the right hand side of this last equality separately.
The standard exact sequence
Dualizing the sequences in display (2) and (5), we conclude that
). However, the last length coincides with c 3 (T F ) (see [17, Proposition 2.6] for the proof of this fact when X = P 3 , the general case being similar).
Gathering all the terms, we obtain the formula in the statement of the proposition. As for the second claim, just note that if C is reduced, then h 0 (O C ) is precisely the number of connected components of C.
Specializing to the case X = P 3 , we obtain the following claim, which generalizes [7, Theorem 3.8].
Corollary 6. Let F be a codimension one distribution on P 3 of degree d, and let C = Sing 1 (F ). Then
In particular, if C is reduced, then C is connected if and only if h 2 (T F (−d − 2)) = c 3 (T F ).
Proof. For d = 2, the claim follows from considering X = P 3 in Proposition 5. When d = 2, we have that h 2 (T X ⊗ K ∨ F ) = H 2 (TP 3 (−4)) = 1, so one cannot apply Proposition 5 directly. However, the cohomology sequence associated to the sequence in display (3) 
Now, let F be a codimension one foliation on P 3 . We recall some definitions before presenting the proof of Theorem 2.
Let ω be a germ of an integrable 1-form in C 3 inducing F , singular at 0 ∈ C 3 . We say that 0 ∈ C 3 is of Kupka type if ω(0) = 0 and dω(0) = 0. Define K(ω) = {ω(0) = 0, dω(0) = 0}. It follows from Kupka's Theorem [19] that K(ω) is a smooth curve and, locally, the form ω can be written in two variables. Moreover, Kupka type singularities are stable under deformations. Now, we recall that 0 ∈ C 3 is a singularity of generalized Kupka type of ω if it is either Kupka or it is a isolated singularity of dω. Observe that there exist a holomorphic vector field Y such that dω = i Y dx ∧ dy ∧ dz. When 0 ∈ C 3 is an isolated singularity of dω we will denote by L be the linear part of Y at 0 and λ 1 , λ 2 , λ 3 be the eigenvalues of L. Note that λ 1 + λ 2 + λ 3 = 0. Then we have three possibilities as follows: we say that the singularity 0 is of (1) logarithmic type if λ 1 , λ 2 , λ 3 = 0. In this case, the second jet of ω at 0 is of the form
We will say that the singularity 0 is nonresonance logarithmic type if the triple (a, b, c) satisfies the conditions of non-resonance of [11, pg 53];
(2) degenerate type if one of the eigenvalues, say λ 3 , is zero and the other two satisfy λ 1 = −λ 2 = 0;
(3) quasi-homogeneous type if λ 1 , λ 2 , λ 3 = 0. In this case, the germ of Y at 0 is a nilpotent derivation in the local ring of formal power series at 0. See [6] for more details about generalized Kupka singularities. In [6, Corollary 1] the authors have proved that generalized Kupka type singularities are stable under deformations.
Proof of Theorem 2. Suppose that Sing 1 (F ) is not connected. Thus, if Sing 1 (F ) = ∪ s i=1 C i is the decomposition into irreducible components, then s ≥ 2, there exist an irreducible component C := C j ⊂ Sing 1 (F ), for some j = 1, . . . , s, and an open euclidean neighborhood U of C such that U does not intersect the others irreducible components Sing 1 (F ). By shrinking U , we may assume that U does not contain isolated singularities of Sing(F ). Therefore the tangent sheaf T F | U is locally free and C is the degeneracy locus of the bundle map
By the Baum-Bott Theorem we have that
where BB(F , C) is a complex number which is determined by the local behavior of F near C.
For the convenience of the reader, we recall the sketch the proof in this particular case of Baum-Bott Theorem. Let V ⊂ U be a neighborhood of C. By Bott's vanishing theorem we have that c 1 (N F | U ) 2 = 0 outside V . This implies that the current c 1 (N F | U ) 2 is cohomologous to the λ(F , C)[C], for some λ(F , C) ∈ C and [C] denotes the integration current associated to C. See [5] for the determination of λ(F , C) := BB(F , C).
Let ω be the twisted 1-form inducing F . Since C is reduced and T F | U is locally free, we take a smooth point p ∈ C and we conclude from the proof of [7, Theorem 3.11] that j 1 p ω = 0. If dω| C ≡ 0, then by [8, Theorem 3.3] we get that BB(F , C) = 0, since BB(F , C) does not depend on the choice of the smooth point p. This implies that c 1 (N F ) 2 | U = 0. This is a contradiction.
Indeed, let h ∈ H 2 (P 3 , Z) be the hyperplane class, we have that
Thus, dω| C vanishes at most on isolated points. But by hypothesis if p ∈ C is an isolated point of dω| C , it is either a quasi-homogeneous singularity or non-resonance logarithmic type. If p is a quasi-homogeneous singularity, then it follows from [20, 6] that there exist germs of analytic curves Z 1 , Z 2 , . . . , Z r ⊂ Sing 1 (F )| U , with r > 1 and Z 1 is a germ of C at p. If p is of nonresonance quasi-homogeneous type, then follows from [11] that there exist germs of analytic curves
Therefore, we have concluded that C is a compact connected Kupka subset of Sing 1 (F ). Thus, from [4] we conclude that F has a rational integral first and C = Sing 1 (F ), i.e, s = 1. Once again a contradiction.
Moduli spaces of rank 2 reflexive sheaves on P 3
In this section we focus on the case X = P 3 . Given a generic distribution F , we set d := 2 − c 1 (T F ) ≥ 0, which is called the degree of F . Theorem 1 implies that T F is a stable rank 2 reflexive sheaf for every d ≥ 0; its second and third Chern classes in terms of the degree d are given by c 2 (T F ) = d 2 + 2, and
see [7, equations (18) and (19)].
Our goal is to show that the moduli space space of stable rank 2 reflexive sheaves on P 3 with Chern classes given by
, that is, equal to those of the tangent sheaf of a generic distribution, contains a nonsingular irreducible component of dimension h 0 (Ω 1 p3 (d + 2)) − 1 whose points are sheaves F given by an exact sequence of the form
We will denote such irreducible component simply by R(d). Note that the exact sequence in display (6) is exactly the same as the one in display (4) rewritten in terms of the degree d; dualizing (6) yields precisely the sequence in display (2) up to a twist by O P 3 (2 − d) , with Z being the singular locus of the sheaf F , that is
The strategy for the proof of Theorem 3 is as follows. The family of sheaves of given by the exact sequence in display (6) has dimension h 0 (Ω 1 P 3 (d + 2)) − 1, since each F is defined by a section σ ∈ H 0 (Ω 1 P 3 (d + 2)) up to a scalar multiple, so we must argue that dim R(d) = dim Ext 1 (F, F ) = h 0 (Ω 1 P 3 (d + 2)) − 1. Invoking [17, Proposition 3.4], we have that dim Ext 1 (F, F ) − dim Ext 2 (F, F ) = 8c 2 (F ) − 2c 1 (F ) 2 − 3 = 6d 2 + 8d + 5, since F is stable, see [17, Remark 3.4.1] . We must therefore compute the dimension of Ext 2 (F, F ), showing that (7) dim Ext 2 (F, F ) = h 0 (Ω 1
We will show that the previous equality holds whenever d = 2.
The first step is the following lemma, whose proof of a straight forward calculation using the exact sequence in cohomology derived from the exact sequence (6). Lemma 7. If a sheaf F satisfies the exact sequence in display (6), then:
(1) h 0 (F (p)) = 0 for p ≤ d − 1;
(2) h 1 (F (p)) = 0 for p = d − 2, and h 1 (F (d − 2)) = 1;
Applying the functor Hom(·, F ) to the exact sequence in display (6), we obtain 2) ), since H 1 (F (2d)) = H 2 (F (2d)) = 0 by Lemma 7.
Next, we twist the exact sequence in display (6) by TP 3 (d− 2) and pass to cohomology, obtaining the isomorphism
It follows that h 1 (F ⊗ TP 3 (d − 2)) = 0 when d = 2, and h 1 (F ⊗ TP 3 (−4)) = 1.
Finally, we twist the Euler sequence by F (d − 2) , obtaining the exact sequence in cohomology
since h 1 (F (d − 1)) = h 3 (F (d − 2)) = 0 by Lemma 7. Using item (3) of Lemma 7, and the isomorphisms (8) and (9), we obtain the formula
A simple calculation shows that
thus establishing the equality in display (7) when d = 2.
The rationality of R(d) is simply the fact that it contains an open subset which is isomorphic to an open subset of PH 0 (Ω 1 P 3 (d + 2)). We have therefore completed the proof of Theorem 3.
We conclude this section pointing out two interesting facts regarding the tangent sheaves of generic codimension one distributions on P 3 . The first one is described in the following result.
Lemma 8. Let F be the tangent sheaf of a generic codimension one distribution of degree d ≥ 1 on P 3 . Then F (d) is globally generated, and satisfies the exact sequence
Again, the case d = 0 is well-known; as we mentioned in the Introduction, F = N (1) for a null correlation bundle N , and it satisfies the well-known exact sequence
In addition, the case d = 1 is also considered by Chang, see the proof of Theorem 3.14 in [12] .
Proof. Our starting point is the exact sequence
showing that F (d) is globally generated. Notice that h 0 (F (d)) = h 0 (Ω 1 P 3 (2)) = 6. Moreover, a diagram chase shows that ker ϕ is an extension of O P 3 (−d) by TP 3 (−2); however, Ext 1 (O P 3 (−d), TP 3 (−2)) = H 1 (TP 3 (d − 2)) = 0 for every d ≥ 0, thus ker ϕ = TP 3 (−2) ⊕ O P 3 (−d), as desired.
Remark 9. When d = 2, we can still conclude that the sheaves F given by The next result show us that for each generic distributions there exist a family of smooth connected curves passing through all its singular points.
Proposition 10. For each generic codimension one distribution F of degree d ≥ 1 on P 3 , there is a family of smooth connected curves of degree d 2 +2d+2 and arithmetic genus (d−1)(d 2 +2d+2)+1 passing through the d · (d 2 + 2d + 2) singular points of F .
Proof. Let F be the tangent sheaf of a generic codimension one distribution degree d ≥ 1 on P 3 . Since h 0 (F (d − 1)) = 0, the zero locus of an arbitrary section σ ∈ H 0 (F (d)) is a curve C of degree c 2 (F (d)) = d 2 + 2d + 2 containing the singular points of F , which coincides with the singular points of the distributions. On the one hand, we have that
On the other hand, from [17, Theorem 4.1] we obtain
By using (10) and (11) we conclude that p a (C) = (d − 1)(d 2 + 2d + 2) + 1.
Since d ≥ 1, it follows from the exact sequence
. Thus a generic section σ ∈ H 0 (F (d)) lifts to a morphism O P 3 → Ω 1 P 3 (2) whose cokernel is N (1), a twisted null-correlation bundle. Furthermore, we also obtain the exact sequence
thus C is also the zero locus of a generic section of N (d + 1). Since the latter is globally generated and H 1 (N (1 + d) ∨ ) = H 1 (N (−d − 1)) = 0 for d ≥ 1, we can invoke [16, Proposition 1.4] to conclude that C is smooth and connected, as desired. Moreover, observe that by construction these curves corresponds to a family of dimension equal to h 0 (F (d)) − 1 = h 0 (Ω 1 P 3 (2)) − 1 = 5.
Existence of Rank 2 reflexive sheaves 3-folds
This section is dedicated to the study of the existence of rank two reflexive sheaves on 3-folds with prescribed Chern classes, closing with the proof of Theorem 4.
To be precise, fix a smooth projective variety X of dimension 3, and consider the following set:
there is a µ-stable reflexive sheaf of rank r with (c 1 (F ), c 2 (F ), c 3 (F )) = (C, D, S) .
The Picard group of X acts on S r (X) in the following way:
and we defined the quotient set S r (X) := S r (X)/ Pic(X), which we call the rank r stable spectrum of X.
Determining the stable spectrum of a given 3-fold is not an easy task, and only the case X = P 3 with r = 2 is completely understood, see [21] . Some progress was made by the third named author when X is a hypersurface in P 4 , see [18, Main Thoerem] .
More recently, this issue became of considerable interest within the context of String Theory for the case when X is a Calabi-Yau manifold, see for instance the articles [1, 15, 23] . For instance, it follows from [23, Theorem 2] that (0, mH 2 , 2mH 3 ) ∈ S k (X) for m ≥ k, for some very ample divisor H. In addition, a conjecture by Douglas, Reinbacher and Yau provides an upper bound for the third Chern class of stable bundle on simply connected Calabi-Yau 3-folds, see [13, Conjecture 1.1] Letting X be a smooth projective 3-fold satisfying the hypotheses of Theorem 1, our third theorem can be regarded as providing some information on the rank 2 stable spectrum of X. To be precise, Theorem 4 implies that c 1 (T X) − rH, c 2 (T X) − rc 1 (T X) · H + r 2 H 2 , −c 3 (T X(−r)) ∈ S r (X) for each r ≥ γ X , where H = c 1 (O X (1)).
Proof of Theorem 4. For each r ≥ γ X , we can apply Ottaviani's Bertini type Theorem [24, Theorem 2.8] to conclude that the degeneration locus of a generic morphism ω ∈ Hom(T X, O X (r)) is either empty or 0-dimensional. Defining F := ker(ω), we have the exact sequence 0 → F → T X → I Z (r) → 0, where Z denotes the degeneration locus of ω. In other words, F is the tangent sheaf of a generic distribution on X.
Observe that c 1 (T X) − c 1 (F ) = r ≥ γ X ≥ ρ X . By hypothesis −c 1 (T X) > −3ρ X , thus we have that −c 1 (F ) ≥ ρ X − r − c 1 (F ) = −c 1 (T X) + ρ X > −2ρ X .
Theorem 1 then implies that F is stable; its Chern classes are • c 1 (F ) = c 1 (T X) − rc 1 (O X (1)), • c 2 (F ) = c 2 (T X) − rc 1 (O X (1)) · c 1 (T X) + r 2 c 1 (O X (1)) 2 , • c 3 (F ) = c 3 (Ω 1 X (r)) = −c 3 (T X(−r)), see [9, Theorem 5.6] .
Finally, suppose that T X is simple. We can take m 0 such that H i (X, Ω 1 X ⊗ ∧ i+1 T X(−ir)) = 0, for i = 1, 2. Follows from [2, Theorem 1.1] that if Sing(F ′ ) = {ω ′ = 0} ⊂ Sing(F ) = {ω = 0}, then there is λ ∈ C ≃ H 0 (X, End(T X)) such that ω ′ = λω. In particular, F = ker(ω) = ker(ω ′ ) = F ′ . 
